We study the wave functions and transmission properties of an open microwave cavity in the frequency range of 1-17 GHz. The transmission of microwaves between the input and output antennas of the cavity is found to exhibit large fluctuations as a function of frequency, while the cavity wave functions are found to reveal the presence of periodically recurring scars, in close correspondence with specific peaks in the Fourier transform of the transmission fluctuations. This work, therefore, provides strong support for the results of recent studies of open quantum dots, which have revealed the presence of measurable transport results associated with specific wave function scars.
I. INTRODUCTION
Semiconductor quantum dots are submicron-sized structures that consist of a mesoscopic scattering region, connected to external reservoirs by means of quantum-pointcontact leads. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] Typically fabricated on length scales much smaller than the electron mean free path, these ballistic structures may be viewed as the solid-state analog of classical scattering billiards. [21] [22] [23] [24] In recent studies of such dots, [13] [14] [15] [16] [17] their transport characteristics were found to exhibit evidence for the presence of strongly scarred wave function states, [1] [2] [3] [4] 25, 26 which recur in intensity when either the magnetic field or the energy is varied. The scarred wave functions have important implications for the semiclassical description of transport in the dots, since they indicate a highly nonuniform sampling of phase space within the dot. Such behavior is in turn inconsistent with the assumption of fully chaotic transport, which is often made in semiclassical treatments of these dots. 5, 6 Rather, the correct description of transport in these structures appears to be one in which a small number of orbits are favorably excited, 16 and the preferential excitation of these orbits has been suggested to result from the nature of their coupling to the quantum-pointcontact leads. 15 Another valuable system for the study of scattering problems is provided by microwave cavity resonators, consisting of a planar waveguide whose geometry is chosen to match that of some specific billiard system. [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] The essential feature of these structures is that, for microwave frequencies below a maximum frequency max ϭc/2h, where h is the resonator height, an exact correspondence exists between electrodynamics and quantum mechanics. By transforming the problem into the macroscopic realm in this manner, a number of studies may now be performed, which would otherwise be inaccessible to mesoscopic systems. Measurements of the electric-field variation within the cavity, for example, allow the billiard wave function to be reconstructed. 28, 30, 33, 38 The current distribution of the billiard may also be determined; 32 and uptill now microwave cavities have been used to measure the eigenmode distribution of chaotic billiards, 34 -36,39 to provide experimental evidence for wave function scarring, 38 and to demonstrate the formation of artificial band structures. 31, 37 In this paper, we demonstrate how microwave billiards may be used to perform analog studies of transport in open quantum dots. The cavity that we study is one whose geometry is designed to mimic that of the quantum dots studied in Refs. 12 and 14. Measuring the propagation of microwaves between the input and output ports of the cavity, we observe large fluctuations in the transmission as the frequency of the microwave radiation is varied. The characteristics of the fluctuations are found to be strikingly similar to those observed in the low-temperature magnetoconductance of open quantum dots, indicating the strong role that the wavelike nature of the electron plays in determining the electrical properties of the latter structures. The microwave studies also allow us to reconstruct the wave function within the cavity, which we find to be strongly scarred at certain frequencies. Further analysis reveals that the scars recur periodically as the frequency is varied, in close correspondence with the dominant components observed in the Fourier spectrum of the transmission fluctuations. By confirming the presence of measurable transport results, associated with the wave function scars, our studies demonstrate the usefulness of microwave-analog studies of transport in mesoscopic systems.
The organization of the rest of this paper is as follows. In the following section, we review the main experimental aspects of the microwave-billiard ͑Sec. II A͒ and quantum-dot ͑Sec. II B͒ studies. In Sec. III, we discuss the theoretical principles that underlie the use of microwave cavities to investigate quantum-mechanical billiard properties. The flexibility of the microwave studies is demonstrated with a few simple examples in Sec. IV, while in Sec. V we discuss the connection of these results to the quantum-dot characteristics. Our main conclusions are then presented in Sec. VI.
II. EXPERIMENTAL DETAILS

A. Microwave experiments
Since the basic principles of the microwave-cavity studies are described in detail in Ref. 33 , here we focus only on the aspects of direct relevance to the present study. In order to make connection to the rounded quantum-dot profiles typical of experiment ͑see Fig. 2 of Ref. 14, for example͒, microwave transmission measurements have been performed on the cavity whose geometry is shown in Fig. 1͑a͒ . The cavity was machined from a single piece of brass, with a total height h of 8 mm. Waveguide leads are included at the upper corners of the cavity, and house identical antennas that are used to source and detect radiation. These antennas are of standard construction, consisting of an inner conductor of diameter 1 mm, which is surrounded by a teflon sleeve of diameter 4 mm. In order to avoid unwanted reflections at their ends, the leads were enclosed within carbon-doped glass-fiber plugs ͓the gray regions in Fig. 1͑a͔͒ , which serve to absorb incident microwave energy. While previous investigations of microwave billiards have largely focused on the properties of closed structures, the cavity that we study is, therefore, the direct analog of an open quantum dot. The microwave measurements were made in the frequency range of 1-17 GHz, using an Agilent 8720ES vector network analyzer to increment in steps of 0.5 MHz. When measuring either the transmission between the two antennas, or the reflection at any given antenna, both the amplitude and phase of the signal were obtained. The upper plate of the resonator was realized from a separate piece of brass, onto which was mounted a third antenna. The entire plate assembly could be moved on a square grid of period 0.5 mm, thereby allowing a mapping of the wave function within the cavity. To minimize leakage through this third antenna, we reduced its inner diameter to 0.2 mm and did not use a teflon sleeve.
B. Quantum-dot experiments
For the purpose of comparison with the microwave studies, we present here the results of magnetotransport studies of the split-gate quantum dot of Ref. 14. The gate geometry of this structure is illustrated in Fig. 1͑b͒ , in which we also indicate schematically the expected rounding of the actual dot profile that is known to arise in split-gate structures. ͓In an attempt to naively mimic the effects of this rounding, we have machined our cavity resonator into the form shown in Fig. 1͑a͒ .͔ The split gates were deposited on the surface of a GaAs/Al x Ga 1Ϫx As heterojunction with a low-temperature carrier density and a mobility of 4.5ϫ10 11 cm Ϫ2 and 400 000 cm 2 /V s, respectively. The dot was mounted in good thermal contact with the mixing chamber of a dilution refrigerator, and magnetoresistance measurements were made at the base temperature of the cryostat ͑0.01 K͒. In order to avoid unwanted electron heating, these measurements were made using standard lock-in detection with low constant currents ͑р1 nA͒. Further details may be found in Refs. 14 and 44.
III. MICROWAVE BILLIARDS: THEORETICAL CONSIDERATIONS
For microwave frequencies Ͻ max , only a single transverse mode is supported by the cavity, allowing an exact correspondence to be made between electrodynamics and quantum mechanics. According to this equivalence, the component of the electric field perpendicular to the plane of the microwave billiard corresponds to the quantum-mechanical wave function (r) ͑so that in the discussion that follows we shall refer to the wave function when discussing the value of this field component͒. Using techniques adopted from scattering theory, it has been shown 30 that the transmission amplitude T i j between two microwave antennas, located at points r i and r j in the cavity, can be expressed in terms of a modified Green function
͑a͒ A scaled illustration of the microwave-cavity resonator used in this study. The position of the two antennas in the leads is indicated, while the gray regions indicate the absorbers that are added to the lead ends to avoid unwanted reflections. ͑b͒ The black regions denote the gate pattern of the quantum-dot structure studied here. The dotted line roughly indicates the expected profile of the quantum dot that forms in the two-dimensional electron gas layer. For the result of a more quantitative calculation of the self-consistent profile of the dot, we refer the reader to In this equation, n (r) is nth eigenfunction of the closed billiard, subject to modified boundary conditions ͑Dirichlet conditions at the boundaries, with Neumann conditions at the openings, see Ref. 23 , pp. 215-219 for further discussion͒. ⌬ n and ⌫ n are the respective shifts and widths acquired by the different billiard resonances, due to the presence of the antennas. These modifications to the resonances aside, we note that T i j is essentially just given by the usual billiard Green function, at least up to an arbitrary factor. This accessibility of the cavity Green function can be exploited in experiment in a number of different ways. At an energy corresponding to the nth cavity resonance, for example, the transmission probability between the two antennas is simply proportional to n *(r i ) n (r j ). By fixing the position of one antenna, and varying the position of the second, we can therefore map out the wave function within the dot. Alternatively, using just a single antenna, we can measure the reflection amplitude as a function of position to obtain the probability density ͉ n (r i )͉ 2 . The exact correspondence between quantum mechanics and electrodynamics goes even further, however. For a quasi-two-dimensional cavity resonator, the Poynting vector may be written as 32 S͑r,t ͒ϳIm͓E z *͑r͒"E z ͑ r ͔͒.
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Comparing this form with the usual expression for the quantum-mechanical current density
we arrive at a direct correspondence between the current and the Poynting vector. Since the latter may be measured directly in experiment, the quantum-mechanical current density may also be obtained.
IV. OPEN MICROWAVE BILLIARDS: BASIC EXPERIMENTAL RESULTS
In Fig. 2 , we plot the variation of the microwave transmission between the two lead antennas, over the frequency range of 1-17 GHz. We also show in the three insets the variation of the transmission over a number of narrower frequency ranges. For frequencies less than approximately 5 GHz, the narrow leads support no propagation and the cavity transmission is consequently close to zero. As the frequency is increased, however, propagation onsets and large fluctuations emerge in the transmission. At a frequency max ϭ18.74 GHz, a second transverse mode can be supported by the cavity and the aforementioned correspondence between quantum mechanics and electrodynamics breaks down. In the following discussion, we therefore restrict our analysis to the frequency range between 3 and 14 GHz, over which range we will see that the fluctuations in the transmission show strikingly similar characteristics to those found in the magnetoconductance of open quantum dots.
In Fig. 3 , we show selected examples of measured current distributions ͑upper panels͒ and wave functions ͑lower panels͒ within the cavity. At 4.3675 GHz, the transmission through the cavity is low, and an experimental difficulty in this situation arises due to the leakage current to the probe antenna, which can give rise to unwanted artifacts in the measurements. Note, in particular, the current lines in the upper panel, which point towards the maxima in the field distribution and which reflect the influence of the leakage. At frequencies where the transmission is larger, this leakage poses no significant problem, as we illustrate in Fig. 3 for frequencies of 5.3500 and 5.9120 GHz. At these frequencies, the current flows continuously between the entrance and exit antennas, at the same time showing clearly defined vortices. Fortunately, in most situations, we will be concerned with the results of measurements performed at microwave fre- quencies, such as these, where the influence of the probe leakage can safely be neglected.
V. MICROWAVE-BILLIARDS AS QUANTUM-DOT ANALOGS
To compare the results of the microwave studies to those obtained in the quantum dots, we first rescale the microwave-induced transmission fluctuations onto the Weyl axis. This essentially involves converting frequency into an equivalent energy, which is normalized in terms of the average level spacing
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In this equation, A is the cross-sectional area of the billiard (Aϭ0.0394 m 2 ) and L is the total perimeter length (L ϭ1.09 m). The result of this rescaling is shown in the lefthand panel of Fig. 4 , in which the abscissa axis corresponds to the frequency interval of 8 -10 GHz. This range is chosen for the purpose of comparison, since the ratio of the microwave wavelength to cavity width is similar to that in the quantum-dot studies, in which the Fermi wavelength F ϳ40 nm and the effective dot size ϳ300 nm. 18 In the righthand panel of Fig. 4 , we show the magnetoresistance of the quantum dot, which we have also rescaled onto an energy axis. To generate this rescaling, we recall that, from a quantum-mechanical perspective, the fluctuations in the magnetoconductance may be viewed as arising as the magnetic field drives the discrete states of the open dot past the Fermi level. 18 As an approximation, we assume that an increase of the magnetic field by an amount ⌬B shifts the dot states in energy by បe⌬B/m*, where m* is the electron effective mass. In Fig. 4 , we plot this energy shift after normalizing it to the average level spacing
where A d is the effective area of the dot ͑from the observation of Aharonov-Bohm oscillations in the high-field magnetoresistance we estimate A d ϭ0.09 m 2 , Ref. 44͒. For a proper comparison of the microwave-and quantumdot studies, we must account for the fact that the latter are performed at finite temperatures where a number of sources may contribute to lifetime broadening of the density of states. In the case of the dot that we study here, we have previously argued that this broadening corresponds to an effective temperature of 300 mK, or ϳ⌬/2 in terms of the average level spacing. 18 In the left-hand panel of Fig. 4 , we have, therefore, plotted the microwave transmission fluctuations after smoothing the original data ͑which we plot as the dotted line͒ with a Gaussian window of width ⌬/2. After this smoothing, it is clear that the transmission fluctuations exhibit features strikingly similar to those observed in the magnetoconductance of the open quantum dot. The observation of such similar features in these two different systems pro- In recent studies of the magnetoconductance of open quantum dots, it has been found that their fluctuations can exhibit a highly regular nature, with the dominant variation being provided by a small number of discrete frequency components. [13] [14] [15] [16] [17] In numerical simulations of transport through these structures, the discrete frequencies have been found to be related to the recurrence with magnetic field of specific wavefunction scars. As we demonstrate now, further support for this picture is provided by the results of our microwave study. In Fig. 5 , we show the result of computing the Fourier transform of the ͑unsmoothed͒ microwavetransmission data. 47 The resulting figure shows the variation of Fourier amplitude as a function of orbit length, and in the spectrum of Fig. 5 we observe a number of discrete peaks, corresponding to specific orbits. Such behavior is reminiscent of that found in previous studies of open dots, 13-17 and we too find here a correlation between the peaks in the Fourier spectrum and the presence of particular groups of recurring scars. In the upper panel of Fig. 6 , for example, we plot the frequencies at which a horizontal bouncing-ball scar recurs in the cavity as a function of its longitudinal node index. The scars themselves are shown in the lower part of the figure, where we also indicate the values of their node index. From this figure it is clear that the scars recur quite regularly as the frequency is varied, and from the slope of the straightline plot in Fig. 6 we obtain a period ⌬ϭ0.93 GHz for this recurrence. ͑The filled symbols in this figure are used to denote frequencies at which the bouncing ball appears to be distorted, or even missing. We shall return to a discussion of these features in Sec. VI below.͒ This corresponds to an orbit length c/⌬ϭ0.32 m, or just twice the distance between the vertical faces of the billiard ͓see Fig. 1͑a͔͒ , and also closely matches the position of the dominant peak in the Fourier spectrum of Fig. 5 ͑in fact, a second harmonic due to this orbit can even be clearly seen in the spectrum at 0.64 m͒.
In addition to the horizontal bouncing ball, we also observe a vertical bouncing-ball scar ͑Fig. 7, top row͒, which recurs with a period of ⌬ϭ0.71 GHz. As expected, this corresponds to an orbit length of 0.42 m, or twice the distance between the vertical faces of the cavity. A feature at this frequency may also be seen in the Fourier spectrum of Fig. 5 , although its amplitude is smaller than ͑and overlaps with͒ that associated with the other bouncing ball. More complicated scars also recur as the frequency is varied, and examples of these are shown in the left-hand column of Fig.  7 . In the second row from the top of this figure, we show a scar reminiscent of an unclosed bowtie, which recurs with a period of ⌬ϭ0.33 GHz, and so corresponds to an orbit length of 0.91 m. Once again, this is in good agreement with the geometric properties of the scar, and also matches the position of another major Fourier peak. In the second row from the bottom of Fig. 7 , we show an example of what appears to be a diamondlike scar, whose period for recurrence (⌬ϭ0.57 GHz) implies an orbit length of 0.53 m. The last scar that is found to recur significantly is shown in the bottom row of Fig. 7 . The orbit associated with this scar is somewhat harder to identify, although there is evidence that this scar recurs with a period of ⌬ϭ0.27 GHz, which is equivalent to an orbit length of 1.1 m. While this value corresponds quite closely to the position of another major peak in the Fourier spectrum of Fig. 5 , in comparison to the other scars that we have discussed, we find a larger number of missing examples of this scar, making it harder to confidently assign a periodicity for its recurrence. This difficulty aside, it is clear from the results of Fig. 5 that, for orbit lengths of order 1 m or less, a definitive relation between specific Fourier peaks and individual wave function scars can be confidently made. For orbit lengths much longer than this, the wave function patterns quickly grow in complexity, making it difficult to clearly identify their associated scars. Nonetheless, a closer inspection of the peaks present at higher frequencies in Fig. 5 suggests that they may correspond to harmonics, or even admixtures, of the basic Fourier components we have identified.
While the above discussion confirms the existence of a correlation between the dominant Fourier components of the transmission fluctuations, and the presence of specific wave function scars, our analysis thus far has focused on a discussion of the unsmoothed wave functions. As we have seen already, however, in order to obtain transmission fluctuations in the microwave experiments that resemble those in the quantum dots, it is necessary to account for the sources of broadening inherent to the latter structures. A natural question, therefore concerns whether the wave function scars can be expected to survive in the presence of this smoothing. For the relatively weak smoothing required to produce the plot in Fig. 4 , we find that the scars indeed remain robust. This can be seen in the right-hand column of Fig. 7 , in which we show how the scars are modified by the level of smoothing employed in Fig. 4 . While the clarity of the scars is clearly reduced by this smoothing, it is nonetheless apparent that their basic structure remains resolved. ͑A similar conclusion was also obtained in Ref. 48 , in which the influence of electron dephasing on the observability of the scars was studied numerically.͒
VI. DISCUSSION AND CONCLUSIONS
The results of this study clearly demonstrate that microwave cavities may be used as an excellent analog system for the investigation of transport issues in open quantum dots. It is interesting to note here that the cavity resonator is essentially a hard-walled system, while the quantum dots that we study are known to be characterized by softer walls. This difference alone is significant, since it suggests that the observation of transport results, associated with the wavefunction scars, is not a unique feature of either hard-or softwalled systems. Needless to say, however, a proper knowledge of the form of the potential profile in the dot will be important for a quantitative understanding of its wave function scars. The classical phase space within these dots is known to be quite sensitive to the nature of their walls, 20 and a recent study has attempted to relate the properties of the scars to the details of this phase space. 49 Another interesting difference between the microwave cavities and the quantum dots is the absence of electron interactions in the former structures. The ability of the microwave studies to reproduce the main features of the quantum-dot experiments, however, suggests that a knowledge of the role of carrier interactions is not necessarily required for a basic understanding of the details of transport in the open dots. 50 A useful feature of the microwave studies, and one which provides support to our discussion of the wave function scarring, is that a Fourier analysis of the transmission fluctuations yields direct information on the length of the different orbits that contribute to the transmission through the cavity ͑Fig. 5͒. Thus, we are able to confirm that the recurrence of specific scars, as the microwave frequency is varied in experiment, is indeed consistent with the lengths of the classical orbits that underlie these features. In order to illustrate this point, in Fig. 7 we have superimposed a number of possible classical trajectories on top of the different scars. The length of these orbits is also indicated in the figure, and can be seen to be quite consistent with the associations identified in Fig. 5 , between particular spectral peaks and certain scars.
The period of recurrence of the vertical bouncing-ball scar, shown in the upper panel of Fig. 7 , for example, was earlier found to imply an orbit length of 0.42 m, in good agreement with the position of one of the features in the Fourier spectrum of the transmission fluctuations. This length is also in excellent agreement with that of the closed periodic orbit that we have indicated in Fig. 7 . The same argument may be made for the horizontal bouncing-ball scar, whose frequency period for recurrence is also found to be correlated to a peak in the Fourier spectrum, and to be consistent with the length of a bouncing-ball orbit, confined between the vertical faces of the cavity. In the second row from the bottom of Fig. 7 , we show a diamond-shaped orbit with a total length of 0.53 m. This is yet again consistent with the recurrence characteristics of the scar, and with the position of a peak in the Fourier spectrum. While these cases provide examples where the wave function is scarred by just a single orbit, we recall that, according to semiclassical quantum mechanics, scarring due to the contribution of larger numbers of orbits is also possible. 21 Indeed, the other two types of scar shown in Fig.  7 may well arise in such a manner. Consider the scar shown in the second row from the top of the figure. Simply by visual inspection, we have drawn two classical trajectories that may underlie this scar. The length of both of these orbits is once again in good agreement with the recurrence period of the scar, and with the Fourier-peak assignment made earlier in Fig. 5 . It, therefore, seems plausible that this scar arises from a superposition of these two orbits ͑since our analysis is based on visual inspection of the scarring patterns, it is perfectly possible that other related orbits may also contribute͒. In the bottom row of Fig. 7 , we have drawn two classical orbits, with path lengths consistent with the properties of their scar, and here it is again possible that the scarring results from the superposition of orbits of this type. An important result revealed by this discussion is therefore that the frequency scales on which the wave function scars recur are quite consistent with the lengths of the classical orbits that underlie them, thus providing strong support for our analysis in terms of the scarring.
Having established the connection between the transmission and the presence of specific wave function scars, we should comment on the manner in which this connection is thought to arise. In studies of open quantum dots, it is known that opening the dot to the reservoirs gives rise to a nonuniform broadening of its discrete states. [13] [14] [15] [16] [17] [18] The essential idea is that, due to the nature of the eigenfunctions themselves, certain states are strongly broadened while others remain energetically resolved. Reproducible oscillations in the magnetoconductance then arise as the magnetic field is used to sweep the surviving dot states past the Fermi level. 18 A crucial feature of these particular states is that they are found to exhibit strongly scarred wavefunctions, and their robustness is understood to arise, since they couple only weakly to the leads. 51 This property can be seen in the scars of Figs. 6 and 7 and, in a sense, is analogous to the phenomenon of resonance trapping, 52 which has also been observed in studies of microwave cavities. 53 An interesting feature of this study was found to be the absence of a small number of scars from a well-defined series. In the index plot of Fig. 6 , for example, the filled symbols denote those cases for which observation of the bouncing-ball scar is disrupted to the presence of other features. We believe that this effect may be due to the presence of overlapping resonances at closely spaced energies, which possibly arise from the high degree of symmetry in the cavity we study. Further investigations are required to clarify this issue, however.
In conclusion, we have studied the wave functions and transmission properties of an open microwave cavity, in the frequency range of 1-17 GHz. The transmission of microwaves between the input and output antennas of the cavity was found to exhibit large fluctuations as a function of frequency, while the cavity wave functions were found to reveal the presence of periodically recurring scars, in close correspondence with specific peaks in the Fourier transform of the transmission fluctuations. These observations provide strong support to the results of recent studies of open quantum dots, which have demonstrated measurable transport results associated with scarred wave functions. In future, we plan to extend our microwave studies to undertake investigations not easily accessible in quantum-dot experiments. Such experiments include studying the influence of deliberately added scattering centers on the wave function scars, and investigations of transient transport through the cavities.
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